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Abstract. We study almost bi-paracontact structures on contact manifolds. We prove that 
if an almost bi-paracontact structure is defined on a contact manifold {M^rj), then under 
some natural assumptions of integrability, M carries two transverse bi-Legendrian structures. 
Conversely, if two transverse bi-Legendrian structures are defined on a contact manifold, 
then M admits an almost bi-paracontact structure. We define a canonical connection on an 
almost bi-paracontact manifold and we study its curvature properties, which resemble those 
of the Obata connection of an anti-hypercomplex (or complex-product) manifold. Further, we 
prove that any contact metric manifold whose Reeb vector field belongs to the (k, ^)-nullity 
distribution canonically carries an almost bi-paracontact structure and we apply the previous 
results to the theory of contact metric (k, /i)-spaces. 



1. Introduction 

The study of Legendre foliations on contact manifolds is very recent in literature, being initi- 
ated in the early 90's by the work of Libermann, Pang et alt. (cf. [M], [20]). Lately, the notion 
of "bi-Legendrian" structure has made its appearance, especially with regard to its applications 
to Cartan geometry ([IS]) and Monge- Ampere equations ([E]) and to other geometric structures 
associated with a contact manifold, such as paracontact metrics. In particular, in [1^ the author 
studied the interplays between bi-Legendrian manifolds and paracontact geometry, whereas in 
[TTj the theory of bi-Legendrian structures was applied for the study of a remarkable class of 
contact Riemannian manifolds, namely contact metric (k, /Lt)-spaces. We recall that a contact 
metric (k, /i)-space is a contact Riemannian manifold (Af , </(), ^, 77, g) such that the Reeb vector 
field ^ belongs to the (k, /x)-nullity distribution, i.e. the following condition holds 

RHX, y)e ^K{r^{Y)X~r, (X) Y) + ^l{r, (Y) hX ~ {X) hY) , 

for some real numbers k, /i and for any X, y e T{TM), where denotes the curvature tensor 
field of the Levi Civita connection and 2h is the Lie derivative of the structure tensor cj) in the 
direction of the Reeb vector field. This definition, which has no analogue in even dimension, 
was introduced by Blair, Kouforgiorgos and Papantoniou in as a generalization both of the 
well-known Sasakian condition R^{X,Y)£^ — r]{Y)X — ri{X)Y and of those contact metric 
manifolds verifying R3[X,Y)£^ = which were studied by Blair in [2]. A notable class of 
examples of contact metric (k, /x)-spaces is given by the tangent sphere bundle of Riemannian 
manifolds of constant curvature. 

One of the main results in [¥j was that any non-Sasakian contact metric (k, /i)-space is foliated 
by two mutually orthogonal Legendre foliations VhiX) and 2?/i(— A), given by the eigendistribu- 
tions of the symmetric operator h corresponding to the eigenvalues A and —A, respectively, where 
A := yl — K. Thus any contact metric (K,/x)-space is canonically a bi-Legendrian manifold. 
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In this paper we show that this is only a part of the story. In fact we prove that also the 
operator (jjh is diagonalizable and admits the same eigenvalues as h. Overall, the correspond- 
ing eigendistributions V^hW and A) are integrable and define two mutually orthogonal 
Legendre foliations, as well. Thus any contact metric (k, /i)-space carries two bi-Legendrian 
structures and, moreover, any foliation of each bi-Legendrian structure is transversal to the fo- 
liations of the other one. This geometrical structure resembles the concept, in even dimension, 
of S-web (jl9j) together with its closely linked tensorial notion, anti-hypercomplex or complex- 
product structure ([T], |16)). In fact, let (j)2, 03 denote the (l,l)-tensor fields defined by 

(1.1) 01 J. (j)h, (j)2 fe, h ■■= 4>- 

yl — K V 1 — K 

Then one can check that (pi and 02 are anti-commuting almost paracontact structures on M 
such that 0102 = 03- 

Thus we are motivated in the study of this new geometric structure, which we call almost 
hi- paracontact structure. An almost bi-paracontact structure on a contact manifold (A/, rf) is by 
definition any triplet (0i,02,03), where 0i and 02 are anti-commuting tensor fields satisfying 
4>i — 02 = I ^"n®^ and 03 = 0102 is an almost contact structure on (Af, if). Then one can prove 
that 01 and 02 are in fact almost paracontact structures and the eigendistributions corresponding 
to ±1 define, under some natural assumptions, four mutually transversal Legendre foliations. 

When the structure is normal^ that is when the Nijenhuis tensors of 0i, 02, 03 vanish, the 
leaves of such foliations admit an affine structure. This is due to the existence of a unique 
linear connection which preserves 0i, 02, 03- V*^ is called the canonical connection of the 
almost bi-paracontact manifold (A/, 0i, 02, 03) and it can be considered, in some sense, as the 
odd-dimensional counterpart of the Chern connection of an almost anti-hypercomplex manifold 
([16j). as well as of the connection studied by Andrada for a complex-product manifold (pLj), 
and of the Obata connection of a manifold endowed with an almost quaternion structure of the 
second kind ([25 ). In fact we prove that in any normal almost bi-paracontact manifold the 
1-dimensional foliation J-^ defined by the Reeb vector field is transversely anti-hypercomplex or 
complex-product, i.e. the almost bi-paracontact structure (0i,02,03) is projectable to a local 
anti-hypercomplex structure on the leaf space. 

We further investigate the curvature properties of this connection, proving that, under the 
assumption of normality, its curvature tensor field R'^ is of type (1, 1) with respect to 0i, 02, 
03, i.e. i?'=(0iX,0iy) = i?'=(02X,02y) = -i?'=(03X,03y) = -R^iX.Y) for aU X,Y € T[TM). 

In the second part of the paper we apply our general results on almost bi-paracontact struc- 
tures to the theory of contact metric (k, //)-spaces. First, we study the bi-Legendrian structure 
(I?0/i(A), l?0/i(— A)). We prove that the Legendre foliations T>^ii{\) and l?0h(— A) are either non- 
degenerate or flat, according to the Pang's classification of Legendre foliations (cf. [MD- In 
particular, V^hW and I'^h(— A) are positive definite if and only if > 0, negative definite if 
and only if Im < 0, flat if and only if Im — 0, where 



1-^ 

M 



T * 2 



is the invariant introduced by Boeckx for classifying contact metric (k, /x)-structures. This pro- 
vides a new geometrical interpretation of such invariant in terms of Legendre foliations (another 
one was given in [llj). 

Then we consider the almost bi-paracontact structure (0i, 02, 03) deflned by (jl.ip and prove 
that the scmi-Riemannian metrics g\ and 172, given by 

51 := dri{-,(j)i-) -\-T](E)'q, 32 := dr]{-,(j)2-) -^-rj'^V, 
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define two associated paracontact metrics satisfying 

(X, Y)i = k^{ti{Y)X - v{X)Y) + ii^{r^{Y)KX - ii{X)KY) 

wfiere 

Ki = (l-^)'-l, = 2(1 - yi^), 

K2 = K-2+(l-^)', ^2=2. 

Mreover, Im = if and only if ?7,5i) is para-Sasakian. Furtfiermore, we prove tfiat any 

contact metric (k, /i)-space such that Im ^ ±1 admits a supplementary non-normal almost bi- 
paracontact structure, although one of the two paracontact structures is normal (cf. Theorem 
15.141) . In this way we obtain a class of examples of strictly non- normal, integrable almost bi- 
paracontact structures. 

Finally, we deal with the following question, which generalizes the well-known problem of 
finding conditions ensuring the existence of Sasakian structures compatible with a given contact 
form: let (M, rf) be a contact manifold; then does (M, rf) admit a compatible contact metric 
(k, /x)-structure? As a matter of fact, the answer to this question involves the standard almost bi- 
paracontact structure (II. ip of contact metric (k, /i)-spaces. In particular, using the properties of 
the canonical connection V^, we find necessary conditions for a contact manifold (M, 77) endowed 
with an almost bi-paracontact structure to admit a compatible contact metric (k, /i)-structure 
(cf. Theorem [mi). 

2. Preliminaries 

2.1. Almost contact and paracontact structures. A contact manifold is a (2n+l)-dimensio- 
nal smooth manifold M which carries a 1-form 77, called contact form, satisfying the condition 
rj A {drf)^ 7^ everywhere on M . It is well known that given rj there exists a unique vector field 
^, called Reeb vector field, such that 

(2.1) i^ri = 1, i^dr/ = 0. 

From (j2.ip it follows that C^drj = 0, i.e. the 1-dimensional foliation J^^ defined by the Reeb 
vector field is transversely symplectic. In the sequel we will denote by T) the 2n-dimensional 
distribution defined by ker (77) , called the contact distribution. It is easy to see that the Reeb 
vector field is an infinitesimal automorphism with respect to the contact distribution and the 
tangent bundle of M splits as the direct sum TM — T)® . 

Given a contact manifold (M, rf) one can consider two different geometric structures associ- 
ated with the contact form 77, namely a "contact metric structure" and a "paracontact metric 
structure" . 

An almost contact structure on a (2n -I- l)-dimensional smooth manifold M is nothing but 
a triplet {(t),£^,ri), where is a tensor field of type (1, 1), ry a 1-form and f a vector field on AI 
satisfying the following conditions 

(2.2) (t>^ = -I + v®^, viO^^, 

where / is the identity mapping. From (|2.2p it follows that cj)^ — O,rio(j) — and the (1, 1) -tensor 
field (f> has constant rank 2n ([3]). Given an almost contact manifold (Af, </>, f , 77) one can define an 
almost complex structure J on the product Af x M by setting J (X, /Jj) — {(j)X — fS,,r] {X) J^) 
for any X £ T (TM) and f e (A/ x M). Then the almost contact manifold is said to be 
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normal if the ahiiost complex structure J is integrable. The computation of the Nijenhuis tensor 
of J gives rise to the four tensors defined by 

(2.3) (X, Y) = [</), 0] {X, Y) + 2dfi (X, Y) ^, 

(2.4) {X, Y) = (C^xv) (Y) - {C^yv) (X) , 

(2.5) Nj^\x) = {C^^)X, 

(2.6) N'^'Hx) = {C^v)iX), 
where [0, 0] is the Nijenhuis tensor of 0, defined by 

[0, 0] {X, y ) := 0' [X, Y] + 0r] - 0[0X, Y] - ^[X, ^Y] , 

and Cx denotes the Lie derivative with respect to the vector field X. One finds that the structure 
(0, f , 77) is normal if and only if iV^^^ vanishes identically; in particular, if xj^'' — then also the 

other tensors Nj^\ Njj^"^ and N^'' vanish (cf. [21] )■ By a long but straightforward computation 
one can prove the following lemma which will turn out very useful in the sequel. 

Lemma 2.1. In any almost contact manifold (M, 0,^,77) for any X,Y €z T(TM), 

(2.7) 0<^(X,r) +7V«(0X,r) = Nf\x,Y)^ + r^{X)Nl'\Y). 

Any almost contact manifold (Af, 0, ^, rj) admits a compatible metric, i.e. a Riemannian metric 
g satisfying 

(2.8) g{^X,(l)Y)=g{X,Y)-r^{X)r^{Y) 

for all X,Y (z T (TM) . The manifold M is said to be an almost contact metric manifold with 
structure {(j),^,r], g). From (|2.8p it follows immediately that 77 — g{-,£,) and g{-, cj)-) — —g{(j)-, •)• 
Then one defines the 2-form <i> on M by <!> {X, Y) = g {X, (j>Y), called the fundamental 2- form 
of the almost contact metric manifold. If $ = drj then 77 becomes a contact form, with ^ its 
corresponding Reeb vector field, and (M, cj), f , 77, t;) is called contact metric manifold. 
In a contact metric manifold one has 

(2.9) Vf^^ -0-0/1 

(2.10) ivW(X, Y) = (V^^0)r - iVlycb)X + (Vf,0)0r - (Vf.0)0X - viY)^^ + ^(^)v?.^ 

where is the Levi Civita connection of (M, g) and h :— ^nI^\ The tensor field h is symmetric 
with respect to g and vanishes identically if and only if the Reeb vector field is Killing, and in 
this case the contact metric manifold is said to be K- contact. A normal contact metric manifold 
is called Sasakian manifold. Any Sasakian manifold is also if-contact and the converse holds 
only in dimension 3. A contact metric manifold is said to be integrable if and only if the following 
condition is fulfilled 

(2.11) (V^0)y ^g{X + hX,Y)^^r, (Y) {X + hX) . 

Any Sasakian manifold satisfies such condition. By replacing (12. lip and (|2.9p in p. 101) one can 
prove the following 

Proposition 2.2. In an integrable contact metric manifold 

(2.12) N'^l\x,Y)^2{i^{Y)c^hX-T^{X)c^hY). 
Corollary 2.3. Any integrable K-contact manifold is Sasakian. 



BI-PARACONTACT STRUCTURES AND LEGENDRE FOLIATIONS 



5 



On the other hand on a contact manifold {M, rj) one can consider also compatible paracontact 
metric structures. We recall (cf. jl3j l that an almost paracontact structure on a {2n + 1)- 
dimensional smooth manifold M is given by a (1, l)-tensor field 0, a vector field ^ and a 1-form 
r] satisfying the following conditions 

(i) 7^(0 = 1, ^^=i-v^^, 

(ii) the tensor field (j) induces an almost paracomplex structure on each fibre on I? = ker(?7). 

Recall that an almost paracomplex structure on a 2n-dimensional smooth manifold is a tensor 
field J of type (1, 1) such that J ^ /, = / and the eigendistributions T+,T~ corresponding 
to the eigenvalues 1,-1 of J, respectively, have dimension n. 

As an immediate consequence of the definition one has that <j>£, ~ 0, r/ o cj) — and the field 
of endomorphisms (f) has constant rank 2n. As for the almost contact case, one can consider the 
almost paracomplex structure on M x R defined by /^) = {^(pX + f^,r]{X)-^), where X 
is a vector field on M and / a C°° function on M x M. By definition, if J is integrable, the 
almost paracontact structure (0, ^, rj) is said to be normal. The computation of J in terms of 
the tensors of the almost paracontact structure leads us to define four tensors 

(2.13) Ni'\x,Y) = [^,4>]{X,Y)-2dri{X,Y)t 

(2.14) ivf (X, Y) = (C^^vW) - (C^yVKX), 

(2.15) Nf\x) = iC^4>)X, 

(2.16) M^\X) = iC^,^){X), 

The almost paracontact structure is then normal if and only if these four tensors vanish. How- 
ever, as it is shown in [26], the vanishing of N^"^ implies the vanishing of the remaining tensors. 
Any almost paracontact manifold admits a semi-Riemannian metric g such that 

(2.17) ~g{4'XjY)^-~g{X,Y) + Tj{X)Tj{Y) 

for all X,Y & r{TM). Then {M,(j),£^,ri,g) is called an almost paracontact metric mani- 
fold. Notice that any such a semi-Riemannian metric is necessarily of signature (n + l,n). 
Moreover, as in the almost contact case, from (|2.17p it follows easily that rj = g{-,£.) and 
g(-, 4>-) = —g{(f>-, ■). Hence one defines the fundamental 2-form of the almost paracontact metric 
manifold by <b{X,Y) — g{X,(t)Y). If drj — ^, rj becomes a contact form and {M,(j>,£,,ri,g) is 
said to be a paracontact metric manifold. 

On a paracontact metric manifold (M, (f), ^, rj, g) one has 

(2.18) V^^ = -0 + 0/1 

(2.19) N^I\X, Y) - (Vj^0)y - (V|^0)X + (V^0)0y - (Vf.0)0X + ri{Y)V\^ - v{X)vU 

where h :— ^N^\ One proves (see [26]) that h is symmetric with respect to g and h vanishes 

identically if and only if ^ is a Killing vector field and in such case (Af, <j), ^, rj, g) is called a 
K -paracontact manifold. By using (|2.18|) one can prove (cf. [12 ) the formula 

(2.20) R^ix.Y)^ = -(v^0)y-f (vf.0)x-f (v^0)/ir-f0((v^/i)y)-(vf,0)/ix-0((v|./(,)x). 

A normal paracontact metric manifold is said to be a para-Sasakian manifold. Also in this 
context the para-Sasakian condition implies the JT-paracontact condition and the converse holds 
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in dimension 3. In terms of the covariant derivative of (j) the para-Sasakian condition may be 
expressed by 

(2.21) (v|,^)y--g(x,r)c + r;(r)x 

In any paracontact metric manifold Zamkovoy introduced a canonical connection which plays 
the same role in paracontact geometry of the generalized Tanaka- Webster connection ([13]) in 
a contact metric manifold. In fact the following result holds. 

Theorem 2.4 ([26]). On a paracontact metric manifold there exists a unique connection V'^, 
called the canonical paracontact connection, satisfying the following properties: 

(i) VP^r? = 0, VP^i = 0, VP^5 = 0, 

(ii) (V^^0)r = (V|0)r - ri{Y){X - hX) + ~g{X - hX, Y)i, 

(iii) TP-{^,^Y)^^4>fP%^,Y), 

(iv) TP^iX, Y) = 2dr]{X, Y)^ for all X,Y er{V). 

The explicit expression of this connection is the following 

(2.22) V^'^r = V|r + ri{X)4>Y + ri{Y){^X - fhX) + g{X - hX, 4>Y)^. 
Moreover, the torsion tensor field is given by 

(2.23) TP^iX, Y) = ri{X)^hY - T]{Y)^hX + 2g{X, ^Y)^. 

If the paracontact metric connection preserves the structure tensor that is the Levi Civita 
connection satisfies 

(2.24) (Vy)y = ii{Y){X - hX) - ~g{X - hX, Y)^ 

for any X,Y G T(TAI), then the paracontact metric structure (0, ^, 77, g) is said to be integrable. 
This is the case, in particular, when the eigendistributions of (j) associated to the eigenvalues 
±1 are involutive. Moreover, ()2.24p and (|2.2ip it follows that any para-Sasakian manifold is 
integrable. By replacing p.24|) and ()2.18|) in ()2.19|) one can straightforwardly prove the following 
proposition. 

Proposition 2.5. In a integrable paracontact metric manifold 

(2.25) N^^^\X,Y) ^2{r]{Y)4>hX ~rj{X)4>hY). 
Corollary 2.6. Any integrable K -paracontact manifold is para-Sasakian. 

2.2. Bi-Legendrian manifolds. Let (A/, 77) be a (2n + l)-dimensional contact manifold. It 
is well-known that the contact condition rj A (rf?7)" ^ geometrically means that the contact 
distribution 2? is as far as possible from being integrable. In fact one can prove that the maximal 
dimension of an involutive subbundle of I? is rt. Such n-dimensional integrable distributions are 
called Legendre foliations of (M, rf). More generally a Legendre distribution on a contact manifold 
(M, rf) is an n-dimensional subbundle L of the contact distribution not necessarily integrable 
but verifying the weaker condition that dj]{X,X') = for all X,X' G r(L). The theory 
of Legendre foliations has been extensively investigated in recent years from various points of 
views. In particular Pang ([20') provided a classification of Legendre foliations by using a bilinear 
symmetric form IIjf- on the tangent bundle of the foliation defined by 

(2.26) {X, X') = - {CxCx'^) iO = 2rf^(K, 

He called a Legendre foliation positive (negative) definite, non-degenerate, degenerate or fiat 
according to the circumstance that the bilinear form Hjr is positive (negative) definite, non- 
degenerate, degenerate or vanishes identically, respectively. By (|2.26p it follows that T is flat if 
and only if ^ is "foliate" , i.e. [C, X] € T{TJ^) for any X € r{TT). 
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If {M,r]) is endowed with two transversal Legendre distributions Li and L2, we say that 
{M,r], Li, L2) is an almost bi-Legendrian manifold. Thus, in particular, the tangent bundle of 
M splits up as the direct sum TM = Li©L2©]R^. When both Li and L2 are integrable we refer 
to a bi-Legendrian manifold. An (almost) bi-Legendrian manifold is said to be flat, degenerate 
or non-degenerate if and only if both the Legendre distributions are flat, degenerate or non- 
degenerate, respectively. Any contact manifold (Af, 77) endowed with a Legendre distribution L 
admits a canonical almost bi-Legendrian structure. Indeed let ((/>, ^, 77, g) be a compatible contact 
metric structure. Then the relation dr]{(j)X,(pY) ~ ^{(j)X,(pY) — dri{X,Y) easily implies that 
Q :— (pL is a Legendre distribution on M which is g-orthogonal to L. Q is usually referred as 
the conjugate Legendre distribution of L and in general is not involutive, even if L is. In [7] the 
existence of a canonical connection on an almost bi-Legendrian manifold has been proven: 

Theorem 2.7 ([7 ). Let (M,rj, Li, L2) be an almost bi-Legendrian manifold. There exists a 
unique linear connection V**' called the bi-Legendrian connection, satisfying the following prop- 
erties: 

(i) V'^Li C Li, V"L2 C L2, 

(ii) V*'C = 0, V'''d?7 = 0, 

(iii) T*' {X, Y) = 2dr) {X, Y) ^ for all X G r(Li), Y E T{L2), 

{X, - [e, XlAl, + [e, Xl,W for allXer (TM), 
where X^-^ and X^.-^ the projections of X onto the subbundles Li and L2 ofTM, respectively. 
Furthermore, the torsion tensor field T^^ of V**' is explicitly given by 

T'^iX^Y) = -[XL^YLAL.BMi - [XL,,YL,]L^BMi + 2dr,{X,Y)^ 

(2.27) +r^(Y){[tXLAL, + [tXL,]L,)-v{X){[tYL,]L, + [^,YL,W). 

In [lOj the interplays between paracontact geometry and the theory of bi-Legendrian struc- 
tures have been studied. More precisely it has been proven the existence of a biunivocal 
correspondence ^E" : B — > V between the set B of almost bi-Legendrian structures and the 
set V of paracontact metric structures on the same contact manifold {M,ri). This bijection 
maps bi-Legendrian structures onto integrable paracontact structures, flat almost bi-Legendrian 
structures onto if-paracontact structures and flat bi-Legendrian structures onto para-Sasakian 
structures. For the convenience of the reader we recall more explicitly how the above biunivo- 
cal correspondence is defined. If (Li,L2) is an almost bi-Legendrian structure on (M, 77), the 
corresponding paracontact metric structure {(f>,^,r],g) — 4'(ii,i2) is given by 

(2.28) = /, 4>\l, = -I, k - 0, g drj{-J-) + ® 77. 

Moreover, the relationship between the bi-Legendrian and the canonical paracontact connections 
has been investigated, proving that in the integrable case they in fact coincide: 

Theorem 2.8 (J^). Let {M,ri, Li, L2) be an almost bi-Legendrian manifold and let ((j),^,ri,g) — 
^(Li,L2) be the paracontact metric structure induced on M by (I2.28p . Let V''' and V^^ be the 
corresponding bi-Legendrian and canonical paracontact connections. Then 

(a) V'''0 = 0, V-'g = 0, 

(b) the bi-Legendrian and the canonical paracontact connections coincide if and only if the 
induced paracontact metric structure is integrable. 

3. Almost bi-paracontact structures on contact manifolds 

Definition 3.1. Let {M,r]) be a contact manifold. An almost bi-paracontact structure on 
{M,ri) is a triplet (0i,02,^!'3) where 03 is an almost contact structure compatible with rj, and 
<j)i, 02 are two anti- commuting tensors on M such that (f>i=(f>2 — I^V'^^ and (/'i02 = 03- 
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The manifold M endowed with such a geometrical structure is called an almost bi-paracontact 
manifold. From the definition it easily follows that (j)i4>3 = —4>34>i = (t>2 and 4'3(f>2 = —02^3 = ^i- 

For each a S {1,2,3} let 1?+ and 'D~ denote the eigendistributions of (j)a corresponding, 
respectively, to the eigenvalues 1 and —1. Notice that, as (j)aS, = 0, and 'D~ are in fact 
subbundles of the contact distribution. In the following proposition we collect some properties 
of those distributions. 

Proposition 3.2. Let {M,f],(f>i,(f>2,4>3) be an almost bi-paracontact manifold. Then 
1. M'Dt ) = 'D2, M'D2 ) = 'Dt, 

3. (j^M) = c^z{V-) = V+ for each a € {1,2}, 

4. (j)i:V^ — > and ^2 : — > 'D^ are isomorphisms, 

5. the tangent bundle ofM splits up as the direct sumTM = I'+eI'~eM^ = 
for all a, /3 e {1, 2}, (3, 

6. dim(X'^) = dim(X'f ) = dim(X'2^) = dim(X'^) = n. In particular, and (f>2 are almost 
paracontact structures. 

Proof For any X e T{V^) one has (l)2(l)iX = -(f>i(j)2X = -4>iX, so that (^ip^) C . On the 
other hand, let y be a vector field tangent to I?^ and set X := (j)iY. Then ipiX = (fyfY = Y, so 
that it remains only to prove that X £ r(I?2')- Indeed, 4>2X = (j)24>iY = —^1^2^ = fl^i^ = ^■ 
Thus — and analogously one can prove that 01(1^^) = P^. In a similar way one 

proves the other identities, as well as the fourth property. In order to prove the fifth property 
it is enough to show that V = 2?+ © 'D~ = © 2?^ for all a, (3 € {1,2}. Let us consider the 
case a = 1. Then we can decompose every X e r(I?) as X = ^{X — (piX) + ^{X + (piX). 
An immediate computation shows that ^{X — (j)\X) e "D^ and \ {X + (piX) e Vf. Next, if 
X € ■Dj'" n then (j)iX = X = -(t>iX, from which it follows that = -(t>lX, hence X = 0. 
Thus V = T>^ ® . In a similar way one can prove that T> = © 2?^ . Now we prove the 
identity V = V^ ®V^. U X eV^ nV^ then t^^iX = X = (j)2X, hence X = ^102^ = and 
this implies that X = 0. On the other hand, note that from 4, since V = 2?+ © 2?~, a € {1, 2}, 
it follows that, for each a G {1,2}, dim(2?+) = dim(2?~) = n. Hence dim(2?j'" +'^2) = 2n and 
we conclude that V = ® . The other identities can be proven similarly. □ 

Proposition 3.3. In any almost bi-paracontact manifold one has Vf = {X + 03X|X e Vf} 
and Vt = {X-\- (j)3X\X e Vf}. 

Proof. We show that = {X + cp^XlX G 2?^} by proving the two inclusions. Let Y £ Vf. 
We have to prove the existence of X e 2?J such that Y = X + (j)3X. We put X := ^{Y — (j)3Y). 
Firstly we verify that in fact X G 2?+. We have ^i!>2X = 1{(I)2Y - 4>2<p3Y) = \{<t>2Y + (t)\Y) = 
\((t>2Y + Y) = \{Y + 0201^) = \{Y - (t>i(t>2Y) = X, hence X e 2?^. Next, one can easily check 
that y = X + C63X. Conversely, let X be a vector field belonging to 2?^. Then cf)\{X + (jjzX) = 
(piX + <pi(f>3X = 0iX + <p2X = (p3<p2X + X = (jjsX + X, so that X + 4>3X e . In a similar 
manner one can prove the other equality. □ 

Example 3.4. Consider with global coordinates {xi, . . . , x„, yi, . . . , y„, z} and the stan- 

dard contact form rj = dz — X]r=i Ui'^^i- P^^*, for each i € {1, . . . , n}, Xi := ^ and Yi := + 
y,^. Then the contact distribution 2? is spanned by the vector fields Xi, . . . , X„, yi, . . . , y„. 
We define three tensor fields ^1, (p2, ^3 by setting 

(t)iXi := Xi, (j)iYi := -Yi, := 0, 
(t>2Xi := -Yi, (j)2Yi := -Xi, cpi^ := 0, 
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for all i G Some straightforward computations show that (01,02,03) defines a bi- 

paracontact structure on the contact manifold (K^"+^, 77). In this case the canonical distributions 
, , 2?^, are given by 

T>^ = span {Xi, . . . , X„} , = span {Yi, . . . , F„} , 

V+ = span{Xi - Yi, . . . ,X„ - Y„} , I?" = span{Xi + Yi, . . . , X„ + r„} . 

In order to find some more examples we prove the following proposition. 

Proposition 3.5. Let {M,(j),^,r],g) be a contact metric manifold endowed with a Legendre 
distribution L. Then M admits a canonical almost bi-paracontact structure. 

Proof. Let Q be the conjugate Legendre distribution of L, i.e. the Legendre distribution on M 
defined by Q := 4){L) (see S 12. 2p . We define the (1, l)-tensor field ij) on M by setting '4}\l = I: 
■0|q — —I, ipS^ = 0. Then if we put 0i := 0-01 4'2 '■= i^, 03 '■= 0, it is not difficult to check that 
(0ij02,03) is in fact an almost bi-paracontact structure on (Af, 77). □ 

As a consequence of Proposition 13.51 we obtain a canonical almost bi-paracontact structure 
on the tangent sphere bundle TiM of a Riemannian manifold {M,g) and on any contact metric 
(k, /i)-space (0). We will examine carefully this last example in the last section of the paper. 

Definition 3.6. An almost bi-paracontact structure such thatvf and'D2 are Legendre distribu- 
tions is called a Legendrian bi-paracontact structure. IfDf and I?^ define Legendre foliations 
of {M, rf) then the almost bi-paracontact structure is called integrable. 

We present some characterizations of the integrability of an almost bi-paracontact manifold. 

Proposition 3.7. An almost bi-paracontact structure (0i,02,03) is Legendrian if and only if 
for each a £ {1,2} the tensor field vanishes identically. Furtheremore, in any Legendrian 

almost bi-paracontact structure also the tensor field N^J vanishes identically. In particular, one 
has, for any X,Y e r{TM), 

(3.1) dri{(t>,X, 01^) = dr]i(f>2X, 02^) = -dvicf^^X, (f^^Y) = -dfi{X, Y) 

Proof First of ah we have, for aU X e r{V), iVfj(C, X) = -r]{[^, 0„X]) = 2dri{(, 0„X) = by 

()2.1|) . Next, in order to prove that A^^^"* vanishes on V, we distinguish the cases X,Y r(I?+), 

X,Y e T{V-) and X e r(X>±), Y € T{V^). Inthe&Tst casewehave N^f {X,Y) ^ (j)aX{r]{Y))- 
77([0„X,y])-0„r(77(X)) + 77([0„r,X]) = 2d77(0„X,y) + 2d77(X,0„r) = 4dr,(X,r) = O, where 
the last equality is due to the fact that I?+ is a Legendre distribution. The case X,Y E r(2?^) 
is similar. Next, for any X e r(X'±), Y e T(V^), we have N^^]{X,Y) = -77([0„A:, F]) + 

77([0„y, X]) = Tvi[X, Y]) ± r]{[X, Y]) ^ 0. Conversely, if xi^^ = then, for any X,Y e T{V+), 

= Ni^^ {X, Y) = 2dr]{<j)aX, Y)+2riiX, 0„y) = Mr/iX, Y), so that drj{X, Y) = 0. Consequently, 

as, by Proposition 13. 2[ 2?^ is n-dimensional, it is a Legendre distribution. In a similar way 

one can prove that also 'D~ is a Legendre distribution. In order to prove the second part 

(2) (2) 

of the proposition, notice that since N^^' and A^^^ vanish, for each a S {1,2}, dr]{<f)a-, } = 
-d7?(-,0„-)- Now, for any X,Y e r{TM), ^77(03!,^) = d77(0i02^,Y) = -^77(02^, 01^) = 
dr,{X,^2<t'iY) = -d77(X,03r). Hence, N^^J{X,Y) = 03X(ry(r)) - vi[<f>3X,Y]) - ^3Y{ij{X)) + 

77([03y,x]) - 2d77(03X,r) - 2d77(03r,x) - o. □ 
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Proposition 3.8. An almost bi-paracontact structure {(t>i, (j)2, (l^s) Legendrian (respectively, 
integrahle) if and only if, for each a G {1,2}, N^^^{X,X') G T{V^) (respectively, N^^^{X,X') = 
0) for any X,X' er{V^). 

Proof By I^J^ we have, for any X,X' £ T{V+), 

(3.2) NiyX,X') = [X,X] + [X,X] - MX,X'] - - 2[X,X'] ~ 2^^[X,X']. 
Hence, applying (/)q, one obtains 

(3.3) 0„7VW(X,X') = 2MX,X'] - 2[X,X']+27j{[X,X'])^ = -ivW(X,X') - AdTj{X,X')^ 

Then (1331) implies that dr]{X, X') = if and only if N^^^{X, X') e r(p-) and (021) that V+ is 
involutive if and only if N^\x, X') — 0. Analogous arguments work for V~. □ 

Corollary 3.9. An almost bi-paracontact structure (01,02,03) integrahle if and only if the 
tensor fields Njj^^\ N^^^ vanish on the contact distribution T). Furthermore, in an integrahle 
almost hi-paracontact manifold also the tensor field Njj^J vanishes on D. 

Proof. The proof is trivial in one direction. Conversely, notice that, for any X € r(2?+), 
Y € r(r'-), iV^^j(X,y) ^ [X,Y] + [X,~X] ~ 0a[X,r] - 0„[X,-r] = O. Then by Proposition 
I3.8l we have that Njj^^ and xj^^^ vanish on V. Now for ending the proof it remains to demonstrate 
that if TVi^' and n9'^ vanish on T) then also n9'^ vanishes on T). Let X, X' he sections of Vt . 

(pi tp2 03 ' i 

By Proposition 13. 2[ and 02^' are sections of . Then the integrability of and 2?f 
yield 

O = 0iivW(X,X') 

(3.4) = 01 [X, X'] + 01 [02^, 02^'] - 03 [02^, X'] ~ 03 [X, 02^'] 
= [X,X'] - [02X,02X'] ~ 03[02X,X'] -03[X,02X']. 

Using p.4p we have that 

N^^iX.X') - -[X,X'] + [030iX,030iX'] - 03[030lX,X'] - 03 [X, 030lX'] 
= ~[X, X'] + [02^, 02^'] + 03 [02^, X'] + 03 [X, 02^'] - 0. 

Arguing in the same way one can prove that N^^^ {Y,Y') — for all Y,Y' e T{V^). Next, for 
any X G T{V+) and X £ r(I?J")> by (EJ]) we get 

037v«(x, y) = -ivW(03X, r) + 2 (rf77(03^, i") + d77(^, 03 i")) e = 0, 

because 4>y,'D^ — and by p.ip . On the other hand, since the almost bi-paracontact 
structure (0i,02,03) is integrahle, in particular Legendrian, r]{Njj^J {X.Y)) — ~r]{[X,Y]) + 
77([03A:,03y]) = N^l\x,(j)3Y) = by Proposition [3Jl Therefore, as 2? = X>i^ ® , we con- 
clude that N^l^ (Z, Z') = for any Z, Z' e r(X'). □ 

A notion stronger than integrability is that of "normal almost bi-paracontact structure" . 

Definition 3.10. Let (M, 7y, 0i, 02, 03) be an almost bi-paracontact manifold. If the almost 
paracontact structures (0i,C,»7), (02,^,??) and the almost contact structure (03, Ci*?) ^'^e normal, 
i.e. -/V^^'* — for each a £ {1,2,3}, (0i,02,03) is called a normal almost bi-paracontact 
structure. 
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By arguing as in Corollary 13.91 one can prove that if Nj^^_^ and N^j^J vanish identically, then 

also N^pJ = and the almost bi-paracontact structure is normal. Moreover, since, for each 

a e {1,2} and any X £ T{V), iV^^j(^,X) = N^^^{(j)aX), using Corollary |3l] one can prove the 
following proposition. 

Proposition 3.11. An almost bi-paracontact structure is normal if and only if it is integrable 

(3) (3) 

and N^^ and N^J — vanish identically. 

As a consequence we are able to give a geometrical interpretation to normality in terms of 
Legendre foliations. 

Corollary 3.12. An almost bi-paracontact structure is normal if and only, for each a € {1,2}, 
both I?+ and are fiat Legendre foliations. 

Proof. Taking the definition of N^'^ into account, one can easily prove that ^ is foliate with 

respect both to 2?+ and if and only if N^'^ = 0. Then the assertion follows from this remark 
and Proposition [3TTlJ □ 

Thus we have seen that, under some natural assumptions, an almost bi-paracontact struc- 
ture on a contact manifold gives rise to a pair of transverse (almost) bi-Legendrian structures 
(2?]^,X>f) and {V^.V^). Conversely we have the following result. 

Proposition 3.13. Let {L,Q) and {L',Q') be two transverse almost bi-Legendrian structures 
on the contact manifold (M, rj) . Then there exists a Legendrian almost bi-paracontact structure 
(0ij02,03) such that L, Q and L' , Q' are, respectively, the eigendistributions of (pi and 4>2. 

Proof. We define 4>i\l = /, 4>i\q = -/, 4>ii = and 02 |l' = I, 02 |q' = -I, 4>2^ = 0. Then 
we set 03 :— 0i02- One can easily check that (0i,02,03) is in fact an almost bi-paracontact 
structure on {M,r]) such that, by construction, T)^ = L, = Q and = L' , — Q' . 
In particular, (0i, 02,03) is Legendrian and it is integrable if and only if L, Q, L', Q' are 
involutive. □ 

4. Canonical connections on bi-paracontact manifolds 

In this section we attach to any almost bi-paracontact manifold some canonical connections 
and then we study their nice properties. To this end, we prove the following preliminary lemma. 

Lemma 4.1. Let (0i,02,03) be an almost bi-paracontact structure on the contact manifold 
(M, ry). For each a € {1,2,3} let ha be the operator defined by ha ■= ^C^(j)a = ^^j^^ ■ Then 

(a) /Iq0q = —4>aha for each a £ {1,2,3}, 

(b) 01 /l2 -f /ll02 /i3 = -ft-201 - 4>2hi, 
01 /l3 -I- /li03 = /l2 = -ft-301 - 03/il; 
02^13 + /i203 = -hi = -ft.302 - 03^2- 

Proof, (a) Let us assume that a £ {1,2}. Then (£^0^) o 0„ + 0„ o (£^0^) = £^(0^) = 
C^{L - 77 (g) = -(A'?) C - «) (C^O = 0, since £577 = i^di] + di^-q = by (HH). Thus 
ha° ipa ~ ~4'a ° • The casc a = 3 is similar. 

(b) 2/13 = £^03 = £{(0102) — (£{0i)02 + 0i(£{02) — 2/ii02 + 20i/i2. Thc other equalities can 
be proved in a similar way. □ 

Theorem 4.2. Let (0i,02,03) be an almost bi-paracontact structure on the contact manifold 
{M,ri). For each a £ {1,2,3} there exists a unique linear connection V" on M satisfying the 
following properties: 
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(i) - 0, 

(ii) V Vi = 0, V V2 = 77 ® (2/12 - hi(j)3 + (j)3hi), V = »7 ® - /ii02 + (l)2hi), 

V20i (2/li+/l203-03^2), V202=O, V^^g = ?7 ® (2/13 + /l201 " 0l/l2), 

V30i = ?7® (2/li - /l302 +02/13), V302 =?7«)(2/l2 + /1301- 01/13), V3(/)3=0, 

(iii) r"(0„X, r) - T^{X, (t>^Y) = 2 {dr]{(f>^X, Y) - dr,(X, 0„y)) e + v{Y)ha,X + t^{X)KY 
for any X,Y e T{TM), 

where T" denotes the torsion tensor field of'V"'. V^, V^, are explicitly given by 

v^r = ^{[x, Y] - [0iX, 0ir] + 01 [X, 0iy] - 0i[0iX, y] + Mx, ^y] - Mx, <p3Y] 

(4.1) + 03[0i^, 02i"] - 02[0i^, 03i"] + 2r7(X) i-hicP^Y + h2(t>2Y - hshY) 
+ 2rKy)/ii0iX - ry([X, Y])^ + ry([0iX, 01^])^) + X(7?(r))e, 

v3,r = r] - [02^, 02 r] + 02 [x, 02^] - 02[02^, y] + 0i[x, 0ir] - 03 [x, 03^] 

(4.2) - 03 [02^, 0ii^] + 01 [02^, 03i"] + 2^iX) {hi4>iY - h2hY - hshY) 
+ 2ry(r)/i202X - vi[X.. Y])^ + ry([02X, 02^])^) + Xi^^iY))^, 

v^r = r] + [03^, 03 r] + 0i[x, ^,y] + Hx, <f'2Y] - 03 [x, 03^] + 03(03^,^] 

(4.3) + 02 [03^, 0ii"] - 01 [03^, 02^] + 2r^{X) {hi^iY + /i202>" + h^hY) 
- 27?(y)/i303^ - V{[X, Y])^ - 77([03X, 03^1)0 + XiriiY))^. 

Proof. First of all we prove the uniqueness. Fix an a S {1, 2, 3} and suppose that V and V are 
two linear connections satisfying (i), (ii) and (iii). Let us define the tensor A := V — V. For 
any X,Y ^ r(I?), since both V and V' preserve the almost bi-paracontact structure, one has 

(4.4) AiX,^pY) = ^pA{X,Y) 

for each /3 S {1,2,3}. Because of (i), we have A{X,(,) = for all X E T{TM). Next, for all 
Y e T{V), 

AiC,Y)^V^Y^V^Y 

= Vy^ + Tit Y) + K, Y] ~ V'yi - T'ii, Y) ~ Y] 

= e(T(e,0^r)-r'(e,0^n) 

= e(r(0„e, KY) - 2 (d7/(0„e, 0„r) - d77(c, 4>lY)) e - v{€Y)ho.^ ~ v{0K4>Iy 

- T'icf^c.^ (fo^Y) + 2 (d77(0aC, <t>c.Y) - dT^it 0^r)) e + vi^lY)h^^ + 7?(O/ia0ir) = 0, 

where we have applied (ii) and (iii), and we have put e = 1 if a G {1,2}, e = —1 if a = 3. 
Further, from (iii) it follows that r(0aX, Y) - T{X, (jioX) = T'(0„X, Y) - T'(X, (jy^Y), that is 
V0„xl'-Vy0oX-Vx0ai^ + V0„yX = V^^^r-V^0„X-V^0„y + V'^^yX. Consequently, 

(4.5) A(0,X, Y) - A{Y, 0„X) - A{X, 0„y) + A(0,y, X) = 0. 
If in g31) we take X e r(2?+) and Y e r(2?^) we obtain 

(4.6) A{X,Y)^A(Y,X). 

By virtue of (ii), for each Z e r(I?), and V'^ preserve the distributions V^. Thus A{X, Y) G 
r(X'-) and A{Y,X) G r(X>+). This together with (gH) and 5. of Proposition IX^ imply that 

(4.7) A{X,Y) ^ A{Y,X) ^Q. 

Now let us consider X, X' G T{V+) and let /3 G {1, 2}, [5 ^ a. Note that, by 1.-2. of Proposition 
[321 0/3^' e r(I?-). Then, by 63) and gT]), A(X,X') = A(X, 0^X') = 0^A(X, 0^X') = 0. 
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In a similar way one can prove that A{X',X) — 0. Thus the tensor A vanishes identically and 
so V and V' coincide. 

In order to prove the existence, for each a G {1, 2,3}, of a connection V" satisfying (i), (ii), 
(iii), we distinguish the cases a e {1, 2} and a = 3. Let us consider a e {1, 2}. First of all, we 
put, by definition, V"^ :— 0. Next, notice that by (iii) we have that T°'{(f)aX,^) — h^X , for all 
X e r(TM). In particular, for any X £ T{V), T"(X,0 = T(02x,^) = ho,cj)aX. It follows that 
necessarily 

(4.8) VlX^-K4)^X + [i,X] 

for all X e r(I?). In particular, 

v"x-/ [^'^W' if^er(2?+); 
^ ^ ^ « I ifxer(i?-). 

Further, for any X € V{V+) and Y E T{V-), 

T°'{X,Y) = T"{(t>aX, Y) 

= T"(X, c^^Y) + 2 {d'q{<l>o,X, Y) - d7^{X, ^^Y)) ^ 

= -r"(X,r)+4dr?(X,F)C, 

from which it follows that T"{X,Y) ^ 2dr]{X,Y)C Hence, 2dr]{X,Y)( = V^Y - V'^X - 
[X, Y]^+ - [X, Y]^- - ry([X, Y])^, that is 

(4.10) V5,y - [X, Y]^- = v^x - [X, y]^+ . 

Since, due to (ii), V%Y e T{V~) and V^X e T(V+), both the sides of must vanish and 

we conclude that 

(4.11) vjr = [x,r]^-, v?-x = [y,x]^+. 

Moreover, taking 1.-2. of Proposition 13.21 into account, for any X,X' G r(2?+) we have 

(4.12) V^X' = V^(/.2X' = (/.^V = (/.^ [X, (t>fsX%- 
and, for any F, F' G r(2?-), 

(4.13) v?-y' = v?^(/.|r' = 00V?^(/.^r' = 0^ [r, (/.;3r%+ , 

where /3 e {1, 2}, /3 7^ a. Now we decompose any X,Y e T{TM) as X = X+ + X_+ r]{X)^ and 
y = y+ + F_ + r]{Y)£^, where X+,Y+ and denote the projections onto the subbundles 

V+ and V- of TM, respectively. Then by (HTU)) . and (HT^ we get 

(4.14) + x(r?(y))e + K, y+]p+ + vix) K, . 

Notice that, as one can easily check, 

(4.15) X+ = ^{X + 0„X - 7^{X)0 , X^ = ^{X-^^X- r?(X)e) . 

Then, applying (I4.15P to (|4.14p . after some very long but straightforward computations, we get 

vi-y = x{rj{Y))^ + y] - 0„y] - y] + 0, [x, 0,y] + 0^ [x, 0^y] 



t>a [X, 4>p4)aY] - (j)p4>a [4>aX, (pfjY] + 4>p [4>aX, 4>p(t)aY] + iri{X)(j)a [C, ^Q^^] 

(4.16) - r,(y)</)„ [e, - rj{X)cpp [^, </)^y] + r,{X)cpfi(t>c. K, 0/30a>"] + '7(i")[e, X] 

+ 77(X)[e, y] - r7([X, y])? + ry ([0„X, 0„y]) ^ - viYmS,. X])£, - 77(X)r7([e, y])0 • 
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Then we can take ()4.16|) as a definition and one can easily check that, for each a E {1,2}, 
V" satisfies (i), (ii) and (iii). Moreover, taking the definition of the operators hi, h2, into 
account, it is not difficult to verify that (|4.16|) implies (|4.ip - (l4.2p . It remains to prove the 
theorem for a — 3. In that case the same construction as for a G {1,2} can be repeated, but 
now arguing on the eigendistributions and of (f>3 corresponding to i and —i, respectively, 
and replacing (14.151) with 

Pv+ = ^ - *</'3 - ?? «> , Pv- ^■^{I + i<l>3-V'^0- 
Then after very long computations one obtains 

= X(77(r))e + ^{[X,Y] + [03^, ^sY] + 01 [X, (f>iY] + ^2 [X, ^2Y] - 03 [X, cf>3Y] 

+ Mhx, Y] + 02 [03^, 4'iY] - 01 [03^, 4'2Y] - rKx)0i [e, 0ir] + 7,(^)03 03^] 

- v{X)cf>2 K, 02 - rKX)03 [C, 03>^] - V{Y)[L cblX] + f^{X)[^, <fiY] - i^{[X, Y])^ 

- 77 ([03^, 03^1)0, 

from which (14.31) follows. □ 



T\x,Y) ^ -((ivw - ivW)(x,y) + (ivw - ivW)(0iX,0ir)) 



Proposition 4.3. The torsion tensor fields of the linear connections V^, V^, V'^ stated in 
Theorem \4-2\ are given by 

1 

V 

(4.17) + {drj{X, Y) - dr;(0iX, 01^))^ 

+ i {tj{X) (-2/7101^ + h2<l>2Y - h3<l>3Y) - viY) (-2/7101X + h2<l>2X - /7303^)) , 

tHx,y) = - ivW)(x,y) + - ivW)(02X,02r)) 

(4.18) + {dr]{X, Y) - dry(02X, 02^))^ 

+ i(r;(X)(/ii0iy - 2h2hY - h3hY) - v{Y){hi(j)iX - 2/i202^ - /i303^)), 

T3(x,y) = -i((7vw + ArW)(x,r) - (iv« + ivW)(03x,03y)) 

(4.19) +(d77(x,y) + d77(03X,03r))e 

+ + h2Cb2Y + 2/l303>") - 7l{Y){hlC^lX + /1202X + 2/7303^)). 

Proof. The proof follows from (j4.ip - (|4.3p by a straightforward computation. □ 



The connections stated in Theorem 14.21 give rise to a canonical connection on an almost bi- 
paracontact manifold that can be considered as an odd-dimensional counterpart of the Obata 
connection of an anti-hypercomplex (or complex-product) manifold (cf. [T], [TB], [H], [IS]). 

Theorem 4.4. Let (M, r], 0i, 02, 03) be an almost hi-paracontact manifold. There exists a unique 
linear connection V° on M such that 

(i) V^^ = 0, 

(ii) \i"^4>a = §77 <X) /iq for each a e {1, 2, 3}, 

(iii) T- = dT^ + l{-dTj{^r,cl>r) - d?7(02-,02-) +dr7(03-,03-)) + ^-^if " + K'.)' 
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Proof. Wc first prove the uniqueness of a linear connection satisfying the conditions (i), (ii) and 
(iii). Let V and V' be two linear connections satisfying (i), (ii), (iii). Let us define the tensor 
j4 V — v. Because the expressions of the torsion tensor fields of V and V coincide, one 
has immediately that A{X,Y) = A{Y,X) for ah X,Y e r{TM). Hence A is symmetric. Then, 
due to (ii), one has A{X,4)iY) = 0iA(X,y) ^ 0i^(r,X) A(r,0iX) ^ A{(t)iX,Y) and, 
analogously, A{X,(t>2Y) = (f>2A{X,Y) = A(02^,>")- Therefore 

(4.20) Ai(^iX, ^2Y) - 4>2Y) = M2A{X, Y) - ^X., Y). 
On the other hand 

(4.21) A{<t>iX, (t>2Y) = (t>2A{(t>iX, Y) = 4>2(t>iA{X, Y) = -MX, Y). 

Thus comparing ((00)) and we get 03A(X, y) = -cf)zA{X,Y). Applying 03 to both the 

sides of the previous identity we obtain 

(4.22) - A{X, Y) + Y))^ = A(X, Y) - MX, Y)% 

Notice that as, for each Z G r(I?), and V'^ preserve 0i, they also preserve the eigendistribu- 
tions Vf and hence the contact distribution V ~ . This implies that r]{A{X, Y)) — 
whenever X,Y e T{V). Moreover, A(X,0 = and ^(^,1") = A{(,(f)lY) = A{(j)i^, M) = 0. 
Consequently (|4.22p yields that A is anti-symmetric. Since it is also symmetric, it necessarily 
vanishes identically. This proves that V = V. 

In order to define a (necessarily unique) linear connection satisfying the conditions (i), (ii), 
(iii), we consider the barycenter of the canonical connections V^, V^, V'^ stated in Theorem l4.2l 
Thus we define, for all X,Y € r(rM), 

We have immediately that — 0. By the expressions in (ii) of Theorem 14.21 and by (b) of 
Lemma |4. II we have 

11 2 

V"01 = - (V^^i + V^^i) -?7 (g) {2hi + /l203 - 03/l2 + 2/li - /l302 + 02/^3) = 

and, analogously, V^02 = ff? ® /12, V'^03 = |r7 h^. Using (|4.17l) - (|4.19p we can easily find the 
expression of the torsion of V^: 

T''{X,Y) = T^{X,Y)+T^{X,Y)+T^{X,Y) 

(4.23) = dM, Y)^ + i i-dMx, M) - dMx, M + dMx, M) C 

+ \ (-iV« {X, Y) - iV w (X, Y) + 7V« (X, y )) . 

□ 

The unique connection stated in Theorem 14 . 41 will be called the canonical connection of the 
almost bi-paracontact manifold {M,r],4>i,(j)2,4'3)- Using (I4.ip - (|4.3I) . after a long computation, 
one finds that the explicit expression of V is the following: 

v^r = j^{s[x,Y] ~ M,M] - [M,4>2Y] + [M,hY] + iM.4>iY]+i4>2[x,(l>2Y] 

- 303 [X, 4>3Y] - 01 M, Y] - 02 [02^, Y] + 03 [03^, Y] + 01 [02^, 03^] 

- 01 [03^, 02^] - 02 [0lX, 03^] + 02 [03^, 01>"] + 03 [01^, 02^] " 03 [02^, 01 

+ 2M){MY + /i202r - hM) + 2MiMX + h2M - hsM) 

+ (viM, M]) + viM, 4'2Y]) - viM, (^sY]) - 3v{[x, y])) e) + XM))^- 
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Corollary 4.5. Let {M , rj , , (j)2 , (f>3) be a normal almost bi-paracontact manifold. 

1. There exists a unique linear connection on M preserving the almost bi-paracontact 
structure and whose torsion is given by 

(4.24) T" = 2dr] ® ^ 

2. The curvature tensor field ofV^ satisfies 

(4.25) i?^(0r,(^r) = R%q^2;<p2-) = -R^q^s; <p3-) = -R". 
In particular, for all X G T{TM) 

(4.26) i?'=(X,O=0 

3. The Ricci tensor ofV^, defined as I{ic'^{X,Y) :— tracc(Z h- > R'^{Z,X)Y), is given by 

(4.27) Ric'=(X, Y) = -itrace(i?'=(X, F)). 

In particular, the Ricci tensor is skew- symmetric and Ric'^((/)i-, (/<i-) = Ric'^((/<2', '/'2') 
= -Ric"(03-,'/'3-) =Ric'. 

4. T/ie connection and i/ie connections V^, V^, V'^ coincide. 

Proof. 1. As in any normal almost bi-paracontact manifold the tensor fields hi, /12, /13 vanish 
identically, by (ii) of Theorem 14.41 preserves the tensor fields 0i, 02, (t>7i. Moreover, by p.ip 
the expression (|4.23l) of the torsion simplifies in (|4.24l) . 
2. First of all notice that, since V^(f)a = 0, for each a E {1, 2, 3} we have 

(4.28) R''{X,Y)o (1)^ ^ (1)^0 R''{X,Y). 
for aU X,Y e r{TM). Now the Bianchi identity yields 

R^ix, Y)z + R^iY, z)x + i?=(z, x)y = T^iT^ix, Y), z) + (v^^ r'^)(y, Z) + T^iT^iY, Z), X) 

(4.29) + (V^r'=)(Z, X) + T%T%Z, X), Y) + (v|r'=)(x, y). 

We examine the terms in the right- hand-side of (g^Sl). Notice that, by (gJll), T^iT^iX, Y),Z) = 
4dr){X, Y)dT](i, Z)i = and 

(V5,r^)(r,Z) = ^\{2dn{Y,Z)i) - 2dr^{^\Y,Z)i - 2dT){Y,^\Z)i 

= 2X{dr]{Y, Z))i + 2d^{Y, Z)^\i - 2dn{^\Y, Z)i - 2d7^{Y, V^^ Z)^ 

= 2(v^d7?)(y,z)e. 

Hence (|4.29p simplifies in 

i?=(X, Y)Z + R''{Y,Z)X + R''{Z,X)Y = 2{{W'jidrj){Y, Z) + {W'ydr])(Z,X) 

(4.30) +(V|dr/)(X,y))e. 

Now in (|4:30l) consider X,y G r(X'+) and Z e r(X'^), a e {1,2}. Then, as V preserves the 
contact distribution, the left-hand-side of (|4.30p is tangent to V whereas the right-hand-side is 
transversal to V. Hence they both vanish. Thus, in particular 

(4.31) R^iX, Y)Z = -R'^iY, Z)X - R^iZ, X)Y. 

But the left-hand-side of (|4.3ip is a section of T)'^ , whereas the right-hand-side is a section of 
V+. Consequently R''{X,Y)Z = for aU X,Y r(X'+) and Z G T{V-). Since by Proposition 
13. 2[ for any j3 ^ a, (f)^ maps V'^ onto V^, applying (14.28^ we get that R'^{X, Y)Z = also for 
Z G r(2)+). Moreover, obviously, R'^{X,Y)(^ = 0, so that we can conclude that 

(4.32) i?^(x,y) = o 
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for any X,Y E r(I?+). In a similar way one can prove that ()4.32|) holds for X,Y E r(2?^). 
Thus in both cases the relation ^{(paXjipaY) = — F), a G {1,2}, is trivially satisfied. 
Moreover, if X e r(X'+) and Y € Tp"), R%(j)aX,4>oX) = R%X,-Y) = -R%X,Y). In order 
to complete the proof in the case a E {1,2} it remains to prove that W^iX,^) ~ for any 
X E T{V). Notice that, as = and T'=(X,0 = 2dri{X,^) = 0, V^X = [^,X]. By applying 
again the Bianchi identity (|4.29p we obtain, for all Z E r(I?), 

R^X, + R^{i, Z)X = (V|T^)(Z, X) 

= W^iT^iZ, X)) - T%[t Z],X)- T%Z, X]) 
^2{C^drj){Z,X)^^0. 

Consequently = ~R''{^,Z)X. If in the last equality we take X E T(V+) and 

Z E r(2?~), the left-hand-side is a section of while the right-hand-side is a section of 
P^. Thus they both vanish and taking (|4.28l) into account we conclude that R'^{X,^) = 
for ah X E r{V). Finally, for any X,Y E T{TM), i?'=((/)3X, (/.gF) = i?'=(0i(/'2>^, </'i02>") = 
-R%(t>2X,4>2Y) = R%X,Y). 

3. For simplifying the notation, let rxY denote the endomorphism Z M- R'^{Z, X)Y , so 
that Ric'^{X,Y) — trace(rjfy). From (|4.25p it follows immediately that rxviO = 0. Let 
{El, . . . , En,En+i, . . . , E2n,£,} bc a local basis such that, for each i E {1, . . . ,n}, Ei E T^Di) and 
En+i = (t)2Ei E r(X>^). In order to prove (|i??7)) we distinguish the cases (i) X,Y E T{Vf), (ii) 
X,Y E r(X>j-), (iii) X E r(Vt), Y E r(2?J-), (iv) X E T{TM), Y = in the first case, due to 

rxY{Ei) = R''{Ei,X)Y = 0. Moreover, rxviEn+i) = R%Er,+i,X)Y E T{Vf) so that it 
has no components along the direction of En+i, . . . , £'2n, Hence Ric'^(X, Y) = trace(rxy) = 0. 
On the other hand, since R'^{X, Y) = 0, also the right-hand-side of (|4.27l) vanishes. The case (ii) 
being analogous, we pass to the case (iii). First of aU, by (|4.32p . rxriEi) — R''{Ei,X)Y — 0. 
Next, by the Bianchi identity used before, rxy (£"«+«) R'^{En+i, X)Y — —R'^{X,Y)En+i - 
R'{Y,En+^)X = -R%X,Y)En+,, as R%Y,En+^) = 0. Since R^{X,Y)En+^ = R%X,Y)cj,iE, = 
<f)i{R'^{X,Y)Ei), we conclude that trace(rxi') = — |tracei?'^(X, F). The last case is obvious 
since, due to Ric'=(X,0 = = -itrace(i?'=(X, 0)- 

4. Proposition 14.31 (|4.24l) and the normality of the almost bi-paracontact structure imply that 
ri(X,F) = T^{X,Y) = T^{X,Y) = 2dT]{X,Y)e, = T%X,Y) for ah X,Y E r{TM). Moreover, 
according to (ii) of Theorem l4.21 because of the vanishing of the tensor fields hi, h2, h^, each con- 
nection V^, V^, preserves the tensor fields <j)i, (j)2, Consequently, for each a E {1,2,3}, 
V" fulfils all the conditions of Theorem 14.41 and hence coincides with V^. □ 

Corollary 4.6. Every normal almost bi-paracontact manifold carries Jour mutually transverse 
Legendre foliations whose leaves are totally geodesic and admit an affine structure. 

Proof. Since the almost bi-paracontact structure is normal, it is in particular integrable, so 
that the eigendistributions "Df , , I?^ , I?^ define four mutually transverse Legendre foliations 
on the manifold. The leaves of these foliations are auto-parallel with respect to the canonical 
connection V^, so that they are totally geodesic. Finally, for each a E {1,2}, for any X,X' E 
r(I?±) we have, by ffTM^ . T^iX^X') = and, by g^S]), R%X,X') = 0. Thus induces a 
flat, torsion- free connection on the leaves of the foliations Pj*" , , I?^ , I?^ . □ 

We conclude the section by studying the transverse geometry of a normal almost bi-paracontact 
manifold with respect to the Reeb foliation. We show in fact that the space of leaves of a normal 
almost bi-paracontact manifold is anti-hypercomplex (see [16] or, with different names, [1], [21) . 
[25j). We recall that an anti-hypercomplex structure on an even dimensional manifold is given by 
two anti-commuting product structures I, J and a complex structure K such that IJ = K. Then 
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one can prove that the manifold admits a canonical connection, usually called the Obata connec- 
tion, defined as the unique torsion-free connection preserving the anti-hypercomplex structure. 

Theorem 4.7. Let (M, 01, 02, 03 ) be a normal almost bi-paracontact manifold. Then the 1- 
dimensional foliation defined by the Reeb vector field ^ is transversely anti-hypercomplex. Fur- 
thermore, the canonical connection is (locally) projectable to the Obata connection defined 
on the leaf space. 

Proof. First of all we have to prove that the tensor fields 0i, 02, 03 are "foliated" objects, i.e. 
they are constant along the leaves of the Reeb foliation T^. Thus we have to show that £^(j)a = 
for each a G {1,2,3}. In fact this condition is satisfied because, by assumption, iV^^-* = 0, so 

that also ' — C^(j>a — 0. Thus the tensor fields 0i, 02, 03 are projectable. We prove that 
they (locally) project onto an anti-hypercomplex structure. Let tt be a local submersion defining 
the Reeb fohation. For each a S {1, 2, 3} let Jq be the tensor field defined by tt* o 0„ = J„ o tt* . 
Then it is clear that {J\,J2-,J'i) is an almost anti-hypercomplex structure. Moreover, for any 
two (local) vector fields X' and Y' in the leaf space, denoting by X and Y the unique basic 
vector fields on M such such that tt^X = X' and tt^F = F' , we have 

[J„, Jj(X',y') = ^,{Nf^{X,Y)) = 0, 

so that the structure is integrable. For concluding the proof we prove that the canonical con- 
nection projects onto the the Obata connection V'^''. First we prove that is projectable, 
i.e. it projects to connections of the local slice spaces of J^j. The conditions for this are: a) 
for any basic vector fields X £ r(I?) and for any V G r(T/"j) one has VyX = 0, b) ii X and 

Y are basic vector fields then also V^^i^ is a basic vector field ([II]). Here, by "basic vector 
field" we mean a vector field X transverse to the foliation which is locally projectable to a 
vector field on the leaf space by means a local submersion defining J-^; one can see that this is 
equivalent to require that [X, V] is still tangent to the foliation for any V £ T{TT^) (cf. [TT] . 
[24]). Now the condition (a) is easily verified since V|X = [£,,X] = because [^,X] is tangent 
both to T> and to {X being basic). Also the second condition holds. Indeed first recall that, 
by construction, preserves the contact distribution; next, by (I4.26p . 

(4.33) o-i?^(x,o>^ = V5,v^r- v^v5,y- vf;f_^jr = V5,[e,r] -v|v^r = -v|V5,r 

since [X,^] = [Y,^] ^ 0, X, Y being basic. Thus, by Km . [t'^xY] = V^Vj^Y = and 
hence V^^i^ is basic. Therefore locally projects along the leaves of J-j to a linear connection 

V which parallelizes the induced complex and product structures, since V'^0q. — for each 
a £ {1, 2, 3}. It remains to prove that V' is symmetric. Let X', Y' be any local vector fields on 
the leaf space and let X, F be the corresponding basic vector fields such that ^^^,X = X' and 
TT^Y = Y'. Then T'{X',Y') = Tr^T%X,Y) = tt* (2d77(X, y)0 = 0. Thus V coincides with the 
Obata connection. □ 

5. The standard bi-paracontact structure of a contact metric (k, ^)-space 

In this section we study one of the main examples of almost bi-paracontact manifolds, namely 
we show that any (non-Sasakian) contact metric (k, /i)-space admits a canonical almost bi- 
paracontact structure which satisfies very interesting properties. 

Recall that a contact metric (k, /i)-space is a contact metric manifold (M, 0, ^, 77, g) such that 
the Reeb vector field ^ belongs to the "(k, /i)-nullity distribution" i.e. 

(5.1) R^X, Y)£, = k{t]{Y)X-tj {X) Y) + fi(Tj (F) hX - rj {X) KY) , 

This notion was introduced by Blair, Koufogiorgos and Papantoniou in [4], who proved the 
following fundamental results. 
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Theorem 5.1 ([4 ). Let (A/, </>, ^, 77, 5) be a contact metric (k, fj,)-space. Then necessarily k <1. 
If K = I then h — and (M, (j), ^,ri, g) is Sasakian; if n < 1, the contact metric structure is 
not Sasakian and M admits three mutually orthogonal totally geodesic distributions 'DiO) = R^, 
I?/i(A) and A) = (j}{'Dh{X)) corresponding to the eigenspaces of h, where A = \/l — k. 

Furthermore, in j4j it is proved that any contact metric (K,/^)-space satisfies ()2.1ip . hence 
it is integrable, and for any X £ r(2?,,(A)), Y e r(2?,i(-A)), V^y G T{Vh{~X) (SM) and 

Given a non-Sasakian contact metric (k, /i)-manifold {M,(j),^,ri,g), Boeckx [5] proved that 
1— — 

the number Im '■= yf=i is an invariant of the contact metric (k, /i)-structure, and he proved 
that two non-Sasakian contact metric (k, /^)-manifolds (Mi, t/ii, ^1, 771, 51) and (M2, (/>2, ?72 7 ^2) 
are locally isometric as contact metric manifolds if and only if Imi = Im2 ■ Then the invariant 
Im has been used by Boeckx for providing a local classification of contact metric (k, /Lt)-spaces. 
An interpretation of the Boeckx invariant in terms of Legendre foliations is given in [llj . 

The standard example of contact metric (k, /x)-manifolds is given by the tangent sphere bundle 
TiN of a Riemannian manifold of constant curvature c endowed with its standard contact 
metric structure. In this case k = c(2 — c), /i = —2c and It^n — |}^^| ■ 

The link between contact metric (k, /i)-spaces with the theory of Legendre foliations was 
pointed out in [9] and [11]. In fact any contact metric (K,/i)-space (M, 0, ^, ry, is canonically 
a bi-Legendrian manifold with bi-Legendrian structure given by {T>h{X),T>h{—X)), and the cor- 
responding bi-Legendrian connection preserves the tensors (/>, h, g ([8], |9|). We prove now that 
a contact metric (k, /z)-space admits a further bi-Legendrian structure which is transverse to 



Theorem 5.2. In any non-Sasakian contact metric (k, fj,)-manifold the operator (f>h admits three 
eigenvalues, 0, of multiplicity 1, and X, —X, each of multiplicity n, where X := \/l ~ The 
corresponding eigendistributions are given by I?0/i(O) = and 



Furthermore, "D^hiX) and T>^h{—X) define two mutually orthogonal Legendre foliations which 
are transversal to the canonical bi-Legendrian structure (2?/i(A),I?/i(— A)). 

Proof. That (f)h admits the eigenvalues and ±^1 — k follows from the relation h^ — {n~ l)(/>^ 
([!])■ Since the operator h is symmetric and (j) anti-commutes with /i, also 4>h is symmetric and 
hence it is diagonalizable. Now, since the kernel of (ph is generated by the Reeb vector field, 
we have that V^h{Q) = R^. Moreover, if X G T{V^h{X)), then 0/i0A = -(l)(j)hX = -A0X, 
so that (f)X G r{T>^h{—X)). This implies that V^hiX) and V^h{—X) have equal dimension n, if 
2ri -I- 1 is the dimension of M . T>^h{X) and T>^h{—X) are in fact mutually orthogonal. Indeed, 
for any X G r{T>ci,h{X)) and Y G r(I?0h(— A)), since the operator (ph is symmetric, we have 
Xg{X,Y) = g{<j)hX,Y) = g{X,,phY) = -Xg{X,Y), so that g{X,Y) = 0. In order to prove 
dOl) first notice that, for any X G r(X',,(A)), (j>h{X + (j)X) = X(I)X - <j)^hX = X{X + cj)X) so 
that X -\- (j)X G T{T>^h{X)). Thus it remains to show that, given Y G r(I?0/i(A)), there exists 
X G r{Vh{X)) such that Y ^ X + (j)X. One can verify that X -.^ \[Y - (f)Y) has the required 
properties. In a similar way one proves (j5.3p . Now we are able to demonstrate the integrability 
of the distributions T>^h{X) and A). Any two sections of T>^h{X) can be written as X -\-<j>X 



and A' + (/)A', for some A, A' G r(X',,(A)). Then, by ({211]) 

^U^x + ^^') = A' + V^^ A' + A' + g(X + hX, A')e + 0V^^ A' 



{Vn{X),Vn{-X)). 



(5.2) 
(5.3) 



V^h{X) = {X + 0A|A G r(P,,(A)} , 
V^h{-X) = {Y + 4>Y\Y G r(2?,,(-A)} . 



(5.4) 



+ g{(l)X + h4>X,X')i 
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- V^X' + ct>V'xX' + ^IxX' + 4>ylxX' + (1 + A)<?(X, X')i. 

Now, V^j^X' e r(2?/i(A) so that we can decompose V^^^X' along its component tangent 

to Vh{X) and the one tangent to M^, given by 77(V^^X')C = 5(V^xX',^)^. But, by ((2J| . 
5(V^x^':0 = V^xO = (A - l).g(X,X'), so that jEl becomes 

(5.5) +2A.g(X,X'K. 
Therefore 

[X + cj,X, X' + = [X, X'] - X'] + (V^;,X')i,,(A) + 0(V^;,X')i,,(A) 

(5.6) - {-^Ix-^Ww + ^Kx'^Uax)- 

Due to ([521) each of the three terms [X,X'] - (l)[X,X'], (V^^X')-d^(a) + H'^lx^'h^ix) and 
(V^jf,X)x)^(A) + '/'(^0X'^)'Df.(A) in the right-hand-side of (|5.6p is a section of I?</,h(A). Thus we 
conclude that V^hi^) is involutive. In particular, being V^hW an integrable subbundle of P, it 
defines a Legendre foliation of M. Analogous arguments work also for A). It remains to 

prove that T>^hW and A) are transverse to each foliation of the bi-Legendrian structure 

(I??i(A), A)). For instance we show that TM = I?0^(A)0l?^(— A)0Mi^, the other cases being 
similar. If X is a vector field tangent both to I?0/i(A) and to A) then XX = (phX = —X<j)X 
so that X ~ —(j)X. By applying </) we get X = (/)Ar, hence X = 0. Next, let Z be a vector field 
on M. Then there exist X G r(2?ft(A)) and Y e r(X',,(-A)) such that Z = X + Y + t]{Z)C. 
Adding and subtracting (l)X G r{T>h{-X)) we obtain Z = (X + (pX) + {¥ - <f)X) + r]{Z)£_, where 
X + (t)X€ T{V^h{X)) and F - G r(r';,(-A)). □ 

Theorem 15.21 implies that any (non-Sasakian) contact metric (k, /i)-space is endowed with 
two transverse bi-Legendrian structures (I?/i(A), Vhi—X)) and [V^hiX), V^ki—X)) defined by the 
eigenspaces of the operators h and (ph corresponding to the eigenvalues ±A. Thus by Proposition 
13.131 we conclude that any (non-Sasakian) contact metric (K,/i)-space M admits an integrable 
almost bi-paracontact structure which we call the standard almost bi-paracontact structure of 
the contact metric (k, /i)-space M. One can easily prove the following result. 

Theorem 5.3. Let (M, (j), ^,r], g) be a non-Sasakian contact metric {k, /j,)- space. The standard 
almost bi-paracontact structure of M is given by {(t>i,4'2,4'3); where 

01 ,/ (ph, (j)2 ■■= .} h, 03 := (j). 
V 1 — K — K 

According to the notation used in § [3] we denote by and 2?J the eigendistributions of 0i 
and 02, respectively, corresponding to the eigenvalue ±1. So 2?f — 2?0/i(±A) and Vf = 2?/i(±A). 
Then, according to Theorem 15.31 (|5.2p - (|5.3p should be compared to Proposition 13.31 

Remark 5.4. For each a G {1, 2} we can define a semi-Riemannian metric ga by setting 

(5.7) 5„(X, Y) drj{X, <j)^Y) + viX)viY) 

for all X,Y G r(TM). Then it is easy to check that {(f>a,£,,T],ga) is a paracontact metric 
structure on M. In fact {4>a,^,il: 9a) — '^{T^t jT^a) according to the notation used in ? 12.21 Let 
V*"^ and V*"^ denote the canonical paracontact connections associated to the paracontact metric 
structures (0i,^,?7,5i) and (02, f , ?7, 52), respectively (cf. Theorem 12. 4p . Then, since and 
are integrable, Theorem implies that VP" = V**' and V^^^ = V''', where V''' denotes the 
bi-Legendrian connection corresponding to the bi-Legendrian structure iT>h{X),'Dh{—X)) and 
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V''' the bi-Legendrian connection associated to (I?0h(A), A)). In particular, by (|2.23p we 
have that 

(5.8) f'\-,0^~c^ihi, T'\-,0^-hh2, 

where T^^ and T^^ denote the torsion tensor fields of V**' and V''', respectively. 

The bi-Legendrian structure (I?^,2?2^) was deeply studied in 9 and 11^. In the sequel we 
study the "new" bi-Legendrian structure, (PJ*", Pj"). 

Theorem 5.5. The Legendre foliations 'D^ii{X} and'D^}^^{—\) are either non- degenerate or flat. 
In particular, I?0/i(A) and 'D^h{—X) are positive definite if and only if Im > 0, negative definite 
if and only if Im < 0, flat if and only if Im — 0. 

Proof. Let X e r(I?0h(A)). Then the (k, /i)-nullity condition becomes 

(5.9) R3{X,^)^ ^ kX + fxhX. 
On the other hand, 

^ -vl(t)X + vl(t,hx + + 

(5.10) = V^^e + K, m + AV^e + AK, X] + cj,[X, i] + \[X, C]i,,,(A) - A[X, 

= - <i>hc^X + <^X] + \{-c^X - c^hX) + AK, X] - <j)[t X] - \[t ^]i,,,(A) 

+ Mi,x]v^„(-\) 

= X + X(PX + 2hX - X(j)X -XX + 2A[^, 
Thus dSll) and (|5T0l) imply 

+ ^i^hX = (1 - A)(/)X + 2#X + 2A0K, 
from which it follows that 



^]p..(-A) - ^—^^^X ^=±X = ^ ^% X - ImX. 

Therefore, by we have, for any X,X' e r(X'^,,(A)), 

np,.(A)(^,^') = 25(K,X]p^,(_,),0X') 

(5.11) --2.9(0[e,X]p^,(_A),X') 

= -(1 - Vr^)5(0X,X') + 2lMg{X,X') 
^2lMg{X,X'). 
Similarly, one can prove that, for any Y,Y' e V{V^h{—X)), 

(5.12) np^,(_;,)(r,r') - 2iMg(YX)- 

The assertion of the theorem then easily follows from the expressions (|5.1ip , (|5.12p of the Pang 
invariant of the Legendre foliations T)^h{\), T>^h{~^)- O 

Since any (non-Sasakian) contact metric {k, /^)-space (M, (/), ^, 77, g) is canonically endowed 
with an almost bi-paracontact manifold, it admits the linear connections V^, V^, stated 
in Theorem 14.21 and, moreover, the canonical connection defined in Theorem 14.41 On the 
other hand, to M it is attached also the bi-Legendrian connection V^' corresponding to the bi- 
Legendrian structure {T>h{X),T>h{—Xj), as well as the bi-Legendrian connection V''' associated 
with (2?0/j(A), 2?0/i(— A)). We now find the relations between these connections. 
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Lemma 5.6. Let (M,(f>,^,ri,g) be a non-Sasakian contact metric {k, fi)-space and , (j)2 , (j^s) 
its standard almost bi-paracontact structure. Then, for the operators ha '■— ^C^(j)a, ct G {1, 2, 3}, 
we have 

(5.13) hi = ^hih = - (l - g 



(5.14) h2 = lM(t)h + VI - = (l - ^ j + Vl - nq 



(5.15) h3 = h = VT^02. 

Proof. The proof of (|5.14l) is given in [T2j Lemma 4.5] whereas (I5.15P is obvious. Then by using 
Lemma 14.11 one can prove (I5.13[) . □ 

Substituting (|5.13p ~ (|5.15p in (ii) of Theorem 14.21 we get the following corollary. 

Corollary 5.7. Let {M, (p, ^, r], g) be a non-Sasakian contact metric (k, fi)-space and (j)2, (j)^) 
its standard almost bi-paracontact structure. The corresponding connections V^, V^, stated 
in Theorem \4.2\ satisfy the following relations: 

(5.16) VVi=0, VV2 =2yi~^77(8 03, VVa =271^77(8)^2, 

(5.17) V^^i = 0, V2,^2 = 0, V'03 = 0, 

(5.18) V^^i =--(2-/x)r/(g)02, V302 = (2-^)r/(8)0i, V^^^a = 0. 
Proposition 5.8. With the notation above, V''' = and V''' = V^. 

Proof. First notice that V^' satisfies the axioms (i), (ii), (iii) of Theorem characterizing V^. 
Indeed by definition V'''^ = 0. Next, V^V = V*'/i = ([5|) so that, tacking ([CT7| into account, 
V'''0a = = V^^c, for each a e {1, 2, 3}. Finally, by using the expression (j2.27p of T^' , a direct 
computation shows that also (iii) is satisfied. Then V''' = V'^. As second step we prove that if 
S denotes the (1, l)-type tensor field given by S{X, Y) :— V^F — V^^y, then we have 

(5.19) S{-,0 = 0, 5'(C, •) = 5 = on P. 

Obviously iS'(-, ^) = 0. In order to prove the remaining relations, let us define a linear connection 
V on M by putting 

\ V|F, ioY E eT{M.C), F eV{TM). 

We prove that V' — V''' by checking that V' satisfies the axioms which characterize the bi- 
Legendrian connection associated with the bi-Legendrian structure (2?0;i(A), 2?0;i(— A)). First, 
we prove that V' preserves the Legendre foliations I?0/i(A) and l?0/i(— A). Due to (|5.2p any 
vector field tangent to 2?^ft(A) has the form X + (j)X for some X e r(I?^(A)). Then, for any 
Z G T{V), we have \/'z{X + (j)X) = V'^X + V'^^X = V'^X + V|(/)X = V'^X + (jiV^X = 
XI'zX + 0VCjX. Since VC^X = V^X G r(X',,(A)), we_conclude that \I'z{^ + 0X) G r(X'^ft(A)). 
Thus W^Ty^hW C V^hW- Moreover, y^V^h{\) = \J{D^h{>) C V^hW- Analogously one can 
prove that V preserves I?^h(— A). Next, W'drj — since V^'c??/ — and V^^dr] = 0. Finally, 
one can easily prove that T'(Z,0 = f^KZ,C) = Zv^^{x)\v^„(-X) + Z-d^^(^x)\v^,,(x) and 
T'{Z,Z') = T^'{Z,Z') = 2dri{Z,Z')( for any Z,Z' G r(X'). Thus, by TheoremEB V = V^' 
and hence 5 = on 2?. Finally, by ([S^ 

v|'z - Vie - - e] = <^2/i2^ + K, ^] 

and, analogously. 
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Therefore, by using ([533]) and (fSJi]) . one finds S{^, Z) = (t)2h2Z - cfiihiZ = Thus ([539]) 

is completely proved. In particular, one obtains 

(5.20) ^f(j) = Vf(j) + 4:h(j)~(l)'^h^2h 
and 

(5.21) Vfh = Vfh + (t)h^ - h(t>h = 2(t)h'^ = 2(1 - k)0. 

Then V**' satisfies ((5l6l) . Since it easily satisfies also the other two conditions which uniquely 
define the connection V , we conclude that V*"' □ 

The paracontact metric structure (02, ?7, 92) defined in Remark l5.4l was studied in ^2\- Now 
we are able to study (</)!, ffi)- We show that both the paracontact metric structures satisfy 
a nullity condition. 

Theorem 5.9. Let (M, (p, ^, -q, g) be a non-Sasakian contact metric (k, fi)-space and let {(pi, (j)2, (ps) 
be its standard almost bi-paracontact structure. Let gi and 52 denote the semi-Riemannian met- 
rics defined by ()5.7p . compatible with the almost paracontact structures 4>i and <p2, respectively. 
Then the paracontact metric structures ((/"a, ^7, 5q), a G {1,2}, satisfy 

RO-{X, Y)i = K^MY)X - r,{X)Y) + ^i^{7]{Y)h„X ~ r,{X)h^Y) 

where 

(5.22) = (^1 _ I) ' _ 1, = 2(1 - 

(5.23) «;2-'^-2+ (1-^)', M2=2. 
Furthermore, Im ~ if and only if (cpi , f , 77, gi) is para-Sasakian. 

Proof. For the case a — 2 the assertion was already proved in 12 . We prove the case a = 1. 
First notice that, as and I?^ are involutive, the paracontact metric structure (0i, , ?7, ffi) 
satisfies ((^TMl) (cf. PSI). Then by (1^:^ we have that 

(V^/ii)r = {VP^hi)Y - 2r^{X)(bihiY - ri{Y)^ihiX + ri{Y)^ihlX - gi{X, (bihiY)^ 

(5.24) +gi{hiX,(l)ihiY)t 

Moreover, due to (15.13^ and Proposition 15.81 we get 

(5.25) (V^^fti)r - (V5[/ii)y = {W\hi)Y = - (l - |) (V^<^2)1^ = (a* - 2)VT^v{X)cI>3Y. 

Thus, by replacing ((2^, (15^24)) and ((5?25t in (12:20)) we find 
Rs^iX, Y)^ = -r?(F)(X - hiX) + gi{X - h^X, Y)^ + 77(X)(r - hiY) - gi{Y - h^Y, X)i 
~gi{X- hiX, hiY)^ + Mi^x'^'i)Y) - 2r,{X)4>lhiY + 77(^)^1 
+ r^{Y)(t>lhiX + gi{Y- h^Y, h^X)^ - 4>i{{y^^hi)X) + 27^{Y)4>lhiX 
^ r^{X)ct>ihi4>iY ~ rj{X)(t>lhiY 
= -r]{Y)X + r^{X)Y + (/i - 2)VT^i^(X)MiY - MX)4>lhiY + ri{Y)^lhlX 
- (tx - 2)Vr^77(y)0i03X + 2f^{Y)d^lhiX - rjiX)^lhlY 
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- (/i - 2)VT^v{Y)HX + 2r,{Y)h^X + (l - ^) ' ri{X)4>l^ 



Y 

2 



-v{y)X + fi{X)Y + 2^/T~^ri{X)hiY - 2r]{X)hiY + (l - |) 7j{Y)X 



/i^2 



-2Vl^ri{Y)hiX + 2'q{Y)hiX - i^l - '-j r]{X)Y 

= ((l - - l) iv{Y)X - fj{X)Y) + 2(1 - VT^)(MY)h,X - v{X)h,Y). 

For the last assertion in the statement of the theorem, we have that Im = if and only if 
= 2, i.e., by (j5.13p . if and only if hi = 0. As the paracontact metric structm'e {(t>i, £,,1], gi) is 
integrable, the assert follows from Corollarv l2.6l □ 

We now study the special properties of the connection (cf. Theorem l4.4p associated to the 
standard almost bi-paracontact structure 02, '/'s) of a (non-Sasakian) contact metric {k, fi)- 
space (M, 0, ^, 77, g). We call the canonical connection of the contact metric (n, ij,)-space 
M. 

Lemma 5.10. The torsion tensor field of the canonical connection of a non-Sasakian contact 
metric {k, fi)-space {M, (f>, ^,r], g) is given by 

T%x, r ) = ^ (^(y ) ( (1 - I) + 4>hx) ^{x) ( (i - |) 0r + c^hY) ) 

(5.26) +2dri{X,Y)t 
In particular, 

(5.27) nX,O = ^((l-f)0^ + </'/iX). 

Proof. First of all notice that, being the almost bi-paracontact structure {<t'i,4>2,4>'i) integrable, 
([XT]) holds. Then by replacing (HHH), ^T^, ([XT]) into (iii) of Theorem [i^] we obtain 

T^{X,Y) = 2dr]{X,Y)i + U-2r^{Y)4>ihiX + 2r^{X)^ihiY - 277(^)^2/12^ 

6 

(5.28) + 2r,iX)^2h2Y + 2ri{Y)c^zh^X - 2i^{X)ct>:ihzY) . 

By substituting (|5.13p and (|5.14p in (|5.28p . a straightforward computation yields (|5.26p . □ 
Proposition 5.11. With the notation above, we have for any X,Y £ r(I?), 

v^y = v^y = vlY = v\Y. 

Proof. Let V be the linear connection defined by 

\ \J%F, if r(Me)- 

We check that V' satisfies (i), (ii), (iii) of Theorem ITil First of all, obviously V'^ = 0. Next, 
for all X, y e r(2?), by (lOSD . T'{X, Y) = r^'(X, y) = 2dri{X, Y)^ = T'=(X, Y) and T'{X, ^) = 
T'=(X,0- Finally, for all X,Y eT{V), we have (V^0a)y = (V5^0c«)i^ = = (V5f0a)y for 
each a € {1, 2, 3}, since V''V = V^'-h = 0. Moreover, by definition, {V'^(l)a)X = (V|0„)X. Thus 
by the uniqueness of we have that V = V^. Then, since by Proposition 15.81 V''' = V^, we 
have that and coincide on the contact distribution. Moreover, Proposition 15 .81 and (|5.19p 
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imply that also = V''' and V coincide on T). The same property is then necessarily satisfied 
by since is the barycenter of V^, V^, V^. □ 

Corollary 5.12. The canonical connection of a contact metric {n, ^)-space {Al,(j),^,ri,g) is 
a contact connection, i.e. V^jy = V^drj ~ 0, and satisfies 

(5.29) V^0i= 

(5.30) V^02 = ^ (l - ^) 01 +^VT^f]<S)(l)3 

(5.31) V"03= ^VT^??®02 

Proof. By Proposition[5l]and Proposition[5ll]we have, for ah X,Y,Z e T{V), {V'^dr]){Y, Z) = 
(V^dr?)(y,Z) = (V5[rfry)(F,Z) = and, since = 0, {W'xdf]) {¥,(,) = 0. Moreover, from 
(|5^ it follows that 



(5.32) VIX=[C,X]--l^[l-^^j<f>X + ^hX^ 
Then ([O^ yields 

{Vldr,){X, Y) = ^{dTj{X, ¥)) - dTj{[^, X], F) + ^ (l - I) drj{cl,X, Y) + '^din{<lyhX, Y) 
- driiX, + dT^iX, <PY) + ^d77(X, ^hY) 

= {C^dr^){X, Y) + '^g{c^hX, <i>Y) + ^g{X, ^^hY) = 0, 

since C^drj = and h in a symmetric operator. Finally, (I5.29p - (j5.3ip follow from (ii) of Theorem 
SHand from (jSl^ . (ISJi]) . □ 

Conversely, we show that (|5. 29^ - 1)5. Sip in some sense characterize the existence of a contact 
metric (k, /z)-structure on an almost bi-paracontact manifold. 

Theorem 5.13. Let {4>i , 4>2 , 4>'i) &6 integrable almost bi-paracontact structure on the contact 
manifold (ill, rf) such that the associated canonical connection satisfies V^drj = and 

(5.33) ^"4)1= -arj(E)(j)2 

(5.34) V(l)2 = ai](E)<j)i + bi] (g) (f>3 

(5.35) V^(/.3 = ^ ® 02 

for some a > (respectively, a < 0) and b > 0. Let us define 

(5.36) gi -.^^ dr]{-,(f>i-) +T](g>T], g2 -.^ dri{-,(f>2-) + rj (g> rj, g3 := -dr]{-,(j>3-) + r] (g) rj 

and assume that the .symmetric bilinear form tti := gi{hi-,-) is positive definite (respectively, 
negative definite). Then, for each a € {1,2}, {(t>a, 9a) is a paracontact metric [Ka^Ha)- 
structure and (03,Ci'7i33) o, contact metric [n^, ^,3)- structure, where 

9 

(5.37) Ki:=-a^-l, := 2 - 35, 

(5.38) K2 := ^ (a' - b") - 1, ^X2 ■= 2, 

(5.39) /t3:=l-^fe^ ^l3■.= 2 + ■ia. 
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Moreover, (4>i,4>2,4'3) is the standard almost bi-paracontact structure of the contact metric 
(ks^^is) -manifold (M, 03, ^, 77, 33). 

Proof. Since the almost bi-paracontact structure is assumed to be integrable, we have in par- 
ticular, by Proposition 13. 7[ that the bilinear forms gi, g2, g^, defined by (j5.36|) . are symmetric, 
so that the definition is well posed. Notice that, by construction, for each a € {1,2,3}, g^ is 
compatible with the corresponding structure, i.e. 

5a(0a^, ^aY) = -£ (gjX, Y) - v{X)v{Y)) 

where we have posed e = 1 if a e {1, 2} and e = —1 if a = 3. Moreover, each ga is, by definition, 
an associated metric, i.e. drj{X,Y) = ga{X,(paY) for all X,Y E T{TM). Furthermore, by 
comparing (|5.33|) - (|5.35p with (ii) of Theorem 14.41 we have that 

3 3 3 

(5.40) hi --a(f)2, h2 ^ -{a(t)i + b(f)y,) , = -b(j)2- 

Hence, by ^M), we have, for aU X,Y e r(TAf), 

gsiX, Y) = -dviX, </)3y) + viX)viY) 
= -gi{X,c^i<j>3Y)+7j{X)7j{Y) 
= -gi{X,cb2Y) + rj{X)rj{Y) 

= lgi{X,hiY) 

6a 

= lniiX,Y). 
6a 

Then the assumptions of positive definiteness of tti and a > imply that 173 is a Riemannian 
metric. It follows that ((/'a, ^, ?7, ffa) is a paracontact metric structure for a € {1,2} and a 
contact metric structure for a = 3. Now, since the almost bi-paracontact structure (0i, 02,03) 
is integrable, by Corollarv 13.91 the tensor fields N^^^\ ^ ^^3' vanish on V. Moreover, 
Proposition [3Jl implies that d(0iX,0iy) = d(02^, 02>") = -(i??(03X, ^gF) = -dri{X,Y) for 
any X,Y E r(25). Hence, taking (iii) of Theorem 14.41 into account, the torsion of the canonical 
connection is given by 

(5.41) T^{X,Y)^2d7j{X,Y)^ 

for all X,Y E r(I'). We now are able to prove that on the contact distribution the canonical 
connection and the Levi Civita connection of g^ are related by the formula 

(5.42) v5,y = v^^r-7Kvf,^r)e. 

Indeed, let us define a linear connection V' on M by 

, r V5,r + 77(v^^r)^, if x, y e t{v); 

\ V^'F, elsewhere. 

We prove that in fact V' coincides with the Levi Civita connection of (M, 173). For any X,Y, Z E 
r(I?) we have 

{V^gs){Y, Z) = (V5,53)(l^, Z) viZM^'^Y) - viYH"^'^ Z) 

= -X{dij{Y, <j)3Z)) + d77(V5,r, 03^) + dr^iY, 03V^Z) 
= -X(dry(r, 03Z)) + dr7(V^r, 03^) + dr^{Y, V^03Z) 
= -(V^dr7)(y,03Z) = O, 

{'^'x9i){Y.O = iy'ig^W^O'vi-^xY) = 
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and 

{W'^gs){Y,Z) = {Wfg,){Y,Z) = Q. 

Next, by ([CT]) 

T'{X, Y) = T%X, Y) + ?7(V^^nC - ^(V??^)e = 2d,7(X, Y)i + 77([X, = 0, 

and r'(X,0 = = 0. Thus V = V^^ and follows. Then ({0(1)) and 

((OSI yield, for any X, F, Z G T{V), 

g,{{\7^^h3)Y, Z) - g3((V^/i3)i^, Z) + r;(V^^/i3r)77(Z) 
3, 



fe.93((V^02)r,Z) 



-a6ry(X).g3(<^iX, ^) + -fe\(X)g3(03X, 



0. 



Therefore the tensor field /13 is "?7-parallel" (cf. [5]) and so, by 6, Theorem 4], ((/>3, f , ?7, 53) is 
a contact metric (k, /i)-space. The values of k, and /i can be found by comparing (j5.33p ~ (|5.35p 
with (|5.29p - (|5.3ip . After a straightforward computation it turns out that they are given by 
(j5.39p . The remaining part of the theorem follows from Theorem 15.91 In particular, (15. 37^ and 
(j5.38p are consequence of (j5.22p and (|5.23l) . respectively. The case a < can be proved in a 
similar way. □ 

Formulae (|5.13p - (|5.15p together with (a) of Lemma 14.11 allow us to define a supplementary 
almost bi-paracontact structure on a non-Sasakian contact metric (k, /x)-space. In fact, by (j5.14p 
we have 

2 



hl = {i~ f ) 0? + (1 - f ) vr^0i03 + (1 - ^) VT^03</'i + (1 - 

(5.43) = (^(l-|)'_(l-^)^(/_,,€0O- 

Therefore, under the assumption that (l — ^)''7^1 — k, we are led to consider the tensor field 

(5.44) i: :^ ^ ^2 = ^ = ((l - f ) -^i + \/T^'^3) 

^|(l-f)'-(l-«)| ^|(i_H)2 -(!-«) 



(1 — k) > then the tensor field ip satisfies 4''^ = I — rj (E) ^, 
-I + ri® ^. Notice that (l - f ) " 



By (iOSi) we see that if (l - f 

whereas if (l - f )^ - (1 - k) < we have tp^ = + Notice that (l - f )^ - (1 - k) > 

if and only if \Im\ > 0. Therefore we are able to prove the following theorem. 

Theorem 5.14. Let [M, (p, ^, 77, g) he a non-Sasakian contact metric (k, fi)-space such that Im 7^ 
±1. 

(i) // \Im\ > 1 then M admits an integrahle almost bi-paracontact structure {(p[,(p2,(p':j), 
given by 

^ — {lM(ph + VT^0) 

1 , 



-(!-«) 



[iMh + Vl - K(ph) 
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(ii) // < 1 then M admits an integrable almost bi-paracontact structure (0", (/)2 , ^Jj'), 
given by 

1 , 



1 



l---(l-f)' 



Proof. Let us assume \Im\ > 1- In order to relieve the notation, we put a := 1 — f and 
/3 :— \/l — K. As remarked before, by a direct computation one proves that = I — rj ® 
Moreover, by (a) of Lemma [4.11 (/)2/i2 = — ^2</>2, so that 0'i = , ^ /t2 and (f)' 2 ~ (f>2 anti- 

commute. Thus {(j)' i,(f>' 2, (p' 3 — 4'' I't'' 2) is an almost bi-paracontact structure on {AI,r]). We 
prove that it is integrable, by showing that the eigendistributions associated to define 
Legendre foliations, since we already know that 'D'2 = 2?^ do. First we show that is a 
Legendrian distribution. For any X,X' £ T{'D'i) we have 

dTi{X,X')^dr,{<P\X,(l)\X') 
(5.45) = „ ^ {a^dT^i^iX, (biX') + a/3dr]i(biX, (bsX') + a/Sdr^i^^X, cp^X') 

+ /32dr7(</)3X,03^'))- 

Now, notice that dr]{(j)iX, (j)iX') = -dri{(j)3X, (jj^X') = -drj{X,X'), and dT]{(t)iX , 4>3X') = 
dr]{<j)iX,(j)i(f>2X') = -df]{X,(j)2X') = -dT]{(j)3X,(j)iX'), so that (|5^ becomes 

dr^{X,X') = -^=£L^drj{X,X') = -^/a^dr^{X, X'). 

Hence dri{X,X') = 0. It remains to prove that V'^ is involutive. Take X,X' e r(2?'+). By 
(j5.26p . the torsion of the canonical connection of the contact metric {k, /i)-space {M, 0, ^, 77, g) 
satisfies T=(X,X') = 2dr]{X,X')^ = 0. Then, using (iOg| - (iOT|) . we have 



= (aVS,<^iX' + /?VS,^3X' - aV^,0iX - /3V3,,03^) 

= (/>'iX' - Vx,(l)'iX 
= [X,X']. 

In the same way one can prove that also V i is involutive. Thus we conclude that the almost 
bi-paracontact structure ((/)']^, ^'2, ^'3) is integrable. The case < 1 can be proved in a 

similar way. □ 

Remark 5.15. By a straightforward computation one obtains 
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h'( = It/li'h + Vl — k4>^ /I2 =0, /I3 = Y 1 — iM^h. 

Moreover, the integrability of the almost bi-paracontact structure yields, by Corollary 13.91 
= on X>. On the other hand, for any X e r(X>), N^^\XX) = - 4>'zW:iX,£] = 

2(f)'^h'^ = 0. Hence the almost contact structure (^3,^, ?7) is normal. Nevertheless the almost 
bi-paracontact itself is not normal because h'^ and h'2 do not vanish. Similar arguments hold 
for (0", 02 , (/13 ). Thus we have obtained a class of examples of integrable, non- normal almost 
bi-paracontact structures such that one structure is normal. 
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